We derive a solution of type IIB supergravity which is asymptotic to AdS 5 × S 5 , has SO(6) symmetry, and exhibits some of the features expected of geometries dual to confining gauge theories. At the linearized level, the solution differs from pure AdS 5 × S 5 only by a dilaton profile. It has a naked singularity in the interior. Wilson loops follow area law behavior, and there is a mass gap. We suggest a field theory interpretation in which all matter fields of N = 4 gauge theory acquire a mass and the infrared theory is confining.
Introduction
One of the interesting aspects of the AdS/CFT conjecture [1, 2, 3] is that energy plays the role of an extra dimension: a fifth dimension if we are working with four-dimensional quantum field theories. The expectation is that the gravitational equations which dictate the bulk geometry to be equivalent in some sense to the renormalization group (RG) equations for the quantum field theory (QFT). It is difficult from a mathematical point of view to see how this can be, since the RG equations are first order while the supergravity equation are second order. It is also difficult to gain intuition regarding the problem from examining the conformal case, since there the anti-de Sitter is selfsimilar with respect to motions in the fifth dimension.
It is desirable, then, to come up with examples where the quantum field theory is not conformal. The obvious approach is to start with N = 4 super-Yang-Mills theory and add some relevant operators, corresponding to tachyon fields (m 2 < 0) in AdS 5 . It turns out to be very difficult to find a supergravity solution with such fields excited because they all have SO(6) quantum numbers: that is, they come from ten-dimensional fields with some non-trivial variation on S 5 . Recently, progress has been made in this direction by considering the truncation of the Kaluza-Klein (KK) reduction of type IIB supergravity on S 5 to five-dimensional gauged supergravity [4, 5] . This amounts to keeping only the first few spherical harmonics for each ten-dimensional field in the five-dimensional theory. In this setup, RG flows in a boundary QFT are supposed to be reflected in a dependence on the fifth dimension of the scalars in the gauged supergravity theory. It has been speculated [6] that any solution of five-dimensional maximally supersymmetric gauged supergravity can be lifted to an exact solution of the ten-dimensional theory, in analogy with the embedding of maximally supersymmetric four-dimensional gauged supergravity in eleven-dimensional supergravity [7] . So far, the only examples in which the flow equations are known explicitly break all supersymmetry.
In this paper, we wish to take an approach which is much simpler from the point of view of supergravity calculations: we will study geometries which preserve the full SO(6) invariance as well as the 3+1-dimensional Poincaré symmetry of the boundary quantum field theory. It would seem to follow from the no-hair theorems that any such geometry other than the full D3-brane metric must have a naked singularity, and this indeed is the case for the geometry which we will exhibit in section 3. Unlike the full D3-brane metric, our geometry is asymptotic to AdS 5 ×S 5 far from the singularity. It is tempting to guess that its field theory "image" (in the holographic sense of AdS/CFT) is N = 4 super-Yang-Mills theory deformed by a relevant operator. The difficulty is that at strong coupling, AdS/CFT itself predicts that there are no relevant operators which are SO(6) singlets. In section 5 we will suggest that a solution to this dilemma is to add to the lagrangian an SO(6)-invariant mass term for scalars. This operator corresponds to an excited string state in AdS 5 × S 5 .
In section 4 we show that our geometry satisfies the usual criterion for confinement, namely the area law for Wilson loops and a mass gap. This is hardly unexpected from the perturbative field theory point of view, since confinement is the generic behavior for gauge theory coupled to massive matter. Finally, in section 6, we discuss the global structure of the geometry and obtain the conditions under which supergravity is a good approximation.
The equations
In ten-dimensional type IIB supergravity, the most general ansatz with SO(6) symmetry, 3+1-dimensional Poincaré invariance, and N units through an S 5 is
where χ, σ, and also the dilaton φ and the axion C, are allowed to depend only on the radial coordinate z. The dilaton and the axion combine to form the complex coupling τ = C +ie −φ , which in the AdS/CFT correspondence is identified with θ/2π+4πi/g 2 Y M . We will always work in Einstein frame unless otherwise noted explicitly.
The relevant equations of type IIB supergravity, truncated to the fields we are interested in, read [8] 
The Einstein equations in the S 5 directions are satisfied if
The remaining equations can be expressed in purely five-dimensional terms:
χ − e − the Einstein frame metric. It is possible to reduce the equations of motion (6) to a set of coupled non-linear second order ordinary differential equations in φ, C, χ, and σ. These equations seem too complicated to deal with in general, but there is an obvious simplification: C = 0 and χ = 0. Then the equations become much simpler:
In future sections we will usually deal with the full ten-dimensional Einstein metric. Because χ = 0 there is no distinction between the five-dimensional Einstein metric and the ten-dimensional Einstein metric restricted to the five-dimensional non-compact space. So we will drop the hats from ten-dimensional quantities.
The solution
The last equation in (8) can be integrated directly to give
where φ ∞ is the value of the dilaton at the boundary of the asymptotically AdS 5 geometry, and B is another arbitrary constant. We can take B > 0 since S-duality sends φ → −φ while preserving the Einstein metric. Substituting (9) back into (8), defining u = z/L, and rearranging slightly, one obtains
The first equation follows from differentiating the second, so we see that (8) is a consistent system of equations despite being overdetermined. Physically, (10) describes the zero-energy trajectory of a classical particle with unit mass moving in the potential
, which is depicted in figure 1 . We regard z = uL as a radial variable which goes to 0 at the boundary of the geometry, where σ becomes large. Thus in our mechanical analog, we are starting the particle at σ = ∞ at "time" u = 0. In finite time the particle gets to σ = 0. If B = 0, then it continues to move to the left in figure 1 ever more slowly as u → ∞. But for B = 0, the particle reaches a minimum velocity at some σ < 0, and then falls back down the other side of the potential after a finite time u 0 . The B = 0 solution is pure AdS 5 with constant dilaton. Not unexpectedly, the B = 0 geometry is geodesically incomplete and singular at the point u = u 0 . To find u 0 explicitly, we use the standard trick for integrating the motion in a one-dimensional potential well:
e −6σ
where F (α, β; γ; z) is the usual hypergeometric function. The second term vanishes as σ → −∞, so we find u 0 =
. We can find the dilaton explicitly in terms of σ by performing the integral in (9):
Note that φ increases as σ decreases, and φ → ∞ as φ → ∞ as σ → −∞, which is what we expect since the far interior of the geometry (σ → −∞) corresponds to the infrared in the gauge theory. We can also write the ten-dimensional Einstein metric explicitly if we use σ rather than z as the radial variable:
From (12) and (13) it is evident that we can cancel the factors of
by sending
. In order not to reintroduce factors of
in the world-volume components of the metric, we also rescale t → 1/8 z then the net result is the same as if we had set B 2 = 24 throughout this section. Choice of the radial coordinate in AdS 5 corresponds to choice of one out of a given of a given class of conformally equivalent boundary metrics. Thus we see that the freedom to change B in the solution (12), (13) corresponds merely to the asymptotic scale invariance of the boundary theory.
Confinement
The string coupling gets strong as σ → −∞, but this does not necessarily mean confinement, as illustrated in [9] , where the far interior of a D3-brane geometry in a type 0 string theory was found to be AdS 5 ×S 5 geometry with formally infinite dilaton. The most straightforward test of confinement in the context of holography [10] is the area law for Wilson loops. The metric felt by strings is not the Einstein metric (13) , but rather the string metric
Following [11, 12, 10] , we consider a fundamental string following a trajectory ending on specified points of the boundary of the asymptotically AdS 5 geometry which minimizes the Nambu-Goto action,
In the second line we have assumed that the string is at a constant angular position in S 5 , and we have set ξ 0 = t, ξ 1 = x 1 = x, and x 2 = x 3 = 0. The time integral is trivial, so we see that the integral whose minimum determines the string trajectory is
where we have defined a "refractive index," n(z) = e (φ(z)−φ∞)/2+2σ(z) . The form (16) is suggestive of Fermat's Principle for the path of light rays: if n(z) is regarded as the refractive index, then V is the total "time" (or more properly, the total distance in the flat metric ds 2 = dx 2 + dz 2 ) it takes to traverse the trajectory followed by the "light ray" (more properly, the string). As one can see from figure 2, n(z) has a global minimum when B = 0, namely n * = (
. In the light ray analogy, confinement is realized as total internal reflection: for large separation of endpoints, the trajectory which minimizes V locates itself very nearly at the minimum of n(z) for most of its length. This is similar to the way fiber optics work: the light ray is guided to the minimum of n(z). When the separation r of the two endpoints is much larger than L, we have
The relations
Using this in (17) we obtain the QCD string tension as
Note that in (18) we have defined g s as the string coupling at the boundary of the asymptotically AdS 5 geometry.
The second test of confinement used in [10] is the presence of a mass gap. This is straightforward to check for perturbations of the dilaton in our geometry. Because the dilaton equation of motion φ = 0, is linear, we can ignore the background dilaton profile and compute the spectrum of m 2 in the differential equation
This radial equation follows from plugging the ansatz δφ = e ik·x R(σ)Y ℓ into the equation δφ = 0, where Y ℓ is a spherical harmonic on S 5 with S 5 Y ℓ = ℓ(ℓ + 4)Y ℓ , and k 2 = −m 2 . Note that the Einstein metric, not the string metric, enters into the computations. A convenient change of variables is
In these variables, the equation (20) reads
The small y region is near the boundary of the asymptotically AdS 5 geometry. Replacing sinh y by y in (22) results in a form of Bessel's equation. In the large y region the potential terms vanish, so R(y) is linear. Altogether we have the asymptotics For δφ to be everywhere small, we must choose c 2 = c 4 = 0. These conditions determine a boundary-value problem with a discrete spectrum for E. It has been proposed [13] that the corresponding massive states in the gauge theory have an interpretation of glueballs. Let us label the eigen-energies as E nℓ , where n = 1, 2, 3, . . . labels the "glueball" excitation level and ℓ = 0, 1, 2, 3, . . . is its SO(6) principle quantum number. From (21) we extract the masses:
We tabulate numerical values for the first few glueball states in table 1. One sees immediately that the same problem that vexed early efforts [13, 14] using the nearextremal D4-brane approach to QCD 4 also occurs here: namely, the "glueballs" with SO(6) charge have masses on the same order as the SO (6)-neutral glueballs. The lowest glueball mass associated with the dilaton may not be the minimum energy excitation M gap of the theory, since there are other excitations of comparable energy associated with the other supergravity fields. However M gap should be on the order of the lowest glueball masses. From (24) and (19) we see that
This relation also obtains in other supergravity models of confinement, but to our knowledge has not been understood simply in field theory.
Field theory interpretation
In the previous section we saw that the geometry (13) exhibits the basic features of confinement: the area law for Wilson loops and a mass gap. The natural guess for what is happening in field theory is that the matter fields of N = 4 super-Yang-Mills theory have been made massive in an SO(6)-invariant fashion, breaking all supersymmetry as well as conformal invariance, and leaving us with only the gauge fields below the mass scale. For example, one could add a scalar mass m 2 X tr I X 2 I to the N = 4 lagrangian. Or one could give an SO(6) symmetric Majorana mass to the fermions, since they transform in a real representation of the gauge group.
* In perturbation theory, either * Thanks to A. Grant for pointing this out to me.
type of mass would induce the other via loops, and the theory in the infrared would be pure glue. Let us focus on the scalar mass, and write O K = tr 6 I=1 X 2 I . Thinking of N = 4 gauge theory in N = 1 language, the operator O K is the first component of the Konishi superfield, tr
, where Φ i are the three chiral matter multiplets. O K is neither a chiral primary nor the descendent of a chiral primary, so its dimension is not protected by the superconformal algebra.
† In [2, 3] it was conjectured that all such operators are dual to excited string states in AdS 5 × S 5 , and that they acquire dimensions on the order (g
1/4 at large 't Hooft coupling. In the absence of a completely satisfactory formalism for quantizing strings in AdS 5 × S 5 , what we mean by excited string states is simply all fundamental string states except the ones which participate in the ten-dimensional type IIB supergravity multiplet. But the geometry described in section 3 involved only the supergravity fields, so how can O K have anything to do with it? Precisely because ∆ K is large, the influence of the "field" φ K dual to O K on the geometry should fall off very quickly as one moves toward the interior of AdS 5 .
‡ The only effect that φ K could have on the geometry which would persist into the interior is to source a low-dimension SO(6)-invariant field. The only candidates (see the tables in [15] ) are the dilaton, the axion, and the overall volume of S 5 -that is, the fields involved in the ansatz (1). The corresponding operators in the gauge theory are, respectively, tr F 2 , tr FF , and Str [
, plus contributions from the gauginos and scalars, and their dimensions are, respectively, four, four, and eight. Str is the symmetrized trace. Let us call these operators O 4 ,Õ 4 , and O 8 . We can excludeÕ 8 from consideration by insisting on CP invariance. The operator O 8 itself is irrelevant, and so is also expected to have only a brief influence on the geometry as one flows inward from the boundary. If we exclude this operator from consideration, then the conclusion is that the only way in which a perturbation of φ K near the boundary AdS 5 can influence the geometry far from the boundary is to produce a gradient for the dilaton. It seems guaranteed that φ K will source the dilaton, because the integrated three-point function
does not vanish when ∆ K depends on the gauge coupling. And it does:
. † The discussion that follows is simplified if O K has definite dimension. This is true of O K = tr I X 2 I at zero gauge coupling. As we turn on the gauge coupling, tr I X 2 I may mix with other operators. If so, then we think of O K as the resulting operator of definite dimension, and we expect that O K still has some component of tr I X 2 I . ‡ We put the word "field" in quotes because it is not clear that a field theory of excited string states exists in any meaningful form. Nevertheless we will use the notion of the field φ K as an intuitive guide.
The skeptic may now wonder how it is possible to add a highly irrelevant operator to N = 4 gauge theory at some high energy scale and see dramatic effects in the infrared. The optimist would reply that it is an extreme example of a dangerous irrelevant operator-by which we mean an operator which, as a perturbation of the ultraviolet theory, has large dimension, but which becomes marginal or even relevant along the RG flow. (Usually in discussions of dangerous irrelevant operators one has in mind perturbing a theory which is gaussian in the UV, but here we are thinking of deforming strong-coupling N = 4 gauge theory, which is never gaussian). In fact, the supergravity geometry deviates significantly from AdS 5 only for z > ∼ L/ 4 √ B, so if the φ K perturbation is located at a much smaller z, then there is a large "scaling region" (in the sense of critical phenomena: many orders of magnitude in energy) in which the theory is nearly conformal. We should add that an operator O K with definite dimension and a finite tr I X 2 I component is not the only operator one might consider adding. In the language of the optimist, any dangerous irrelevant operator will do, provided it is an SO(6) singlet, and provided one can argue (along the lines of (25), for example) that its dual "field" in string theory triggers a dilaton flow. Our field theory intuition is that only operators which are in some sense strong coupling analogs of soft mass breakings or relevant Yukawa couplings are candidates for dangerous irrelevant operators. Confinement is generic behavior once superconformal invariance is lost. As we flow toward the infrared past the point where the heavy string field has damped out, the only relevant information for determining the subsequent flow is the coefficient B in (12) . In short, B parametrizes our ignorance of how the superconformal invariance is broken in the ultraviolet.
If we are willing to make some crude estimates, we can see how the mass scale depends on the strength of the O K perturbation. Suppose we cut off the geometry at z = ǫ rather than allowing it to go all the way out to the natural boundary at z = 0. Let us define the theory at z = ǫ by setting the value of the dilaton, φ = φ ∞ , and also a finite value for the excited string "field," φ K = µ 2 . We regard φ K as dimensionless, so µ is a dimensionless mass parameter: φ K = µ 2 on the boundary corresponds to having a term in the lagrangian of the form m 2 X tr I X 2 I where m X = µ/ǫ. This is to be compared with the near-extremal D4-brane approach to QCD 4 [10] , where m fermions = T , T being the temperature. If we regard φ K as a linear perturbation of
This would be our starting point for computing a two-point function of O K . Note that we take ∂ z φ = 0 at z = ǫ, and this together with the equation of motion φ = 0 fixes its subsequent evolution in z. Beyond the linearized approximation there is a coupling of φ K to the dilaton. Again crudely, we take as the five-dimensional lagrangian
In order for the relation (25) between O K O K O 4 and O K O K to hold, we should pick λ ∼ ∆ K . We can now solve approximately for the dilaton in the region where the geometry is still nearly AdS 5 : taking φ = φ ∞ and ∂ z φ = 0 at z = ǫ as before, we have
Comparing this with the form which follows from (9) in a nearly AdS 5 geometry, namely
we find
The mass gap as computed in section 4 is
We have assumed in this analysis that there is a scaling region, where z ≫ ǫ but the geometry is still nearly AdS 5 . Significant deviations from AdS 5 come at z = L/B 1/4 ∼ ǫ/µ ≫ ǫ provided µ ≪ 1, so the story is consistent provided that the scalar mass m X = µ/ǫ which we put into the theory is much lower than the scale 1/ǫ at which we define it. In fact, the explicit cutoff ǫ can be taken as small as one likes, and the same bulk physics will result if one keeps m X = µ/ǫ constant, provided the dilaton is assumed to be flat at z = ǫ. Thus, somewhat surprisingly, the operator O K ∼ I tr X 2 I when added to the Wilsonian action as a finite perturbation is effectively dimension two.
The result M gap ∼ m X is similar to what is found in the near-extremal D4-brane approach to QCD 4 : there M gap ∼ m fermions . It is rather different from the weak coupling result, where at one loop one expects M gap ∼ e 
N.
§ M gap ∼ m X renders comprehensible the presence of "glueballs" with SO(6) charge with mass comparable to the lowest neutral § We thank O. Aharony for pointing out to us this comparison with the one-loop analysis.
glueball mass M gap : the masses of the SO(6)-charged matter fields are comparable to the QCD scale, so we should indeed expect to see SO(6)-charged color singlet states at that same scale, just as we see strange hadrons in the real world with masses on the order of Λ QCD .
It may seem that we have dropped the operator O 8 from consideration prematurely: a priori it seems plausible that the dual field χ might be the natural candidate for triggering a dilaton profile. Inspection of the equations of motion (4) reveals that this is not the case. In five-dimensional Einstein frame (and still with C = 0), the dilaton equation is φ = 0 regardless of what χ is doing. Thus constant φ is always a solution. As one can verify from the absence of a χχφ term in (6), the three point function O 8 O 8 O 4 = 0, which is certainly consistent with the fact that O 8 O 8 is independent of g Y M if O 8 is properly normalized. With φ constant and χ non-constant, one could for example recover the full D3-brane metric. In [16] it was suggested that in a particular large N, small α ′ double scaling limit [17] , the world-volume gauge theory corresponding to the full D3-brane metric is
defined in a Wilsonian sense at a cutoff scale 1/L. As usual L is the radius of the S 5 far down the throat of the D3-brane. The second term in (31) was thought to characterize the deviations of the geometry from AdS 5 × S 5 for radii r ≫ L. In particular it seemed to match the scaling form of corrections to the absorption cross-section of minimally coupled scalars such as the dilaton [18] .
Discussion
To summarize our results, it is useful to draw a Carter-Penrose diagram of the spacetime (13) (see figure 3) . The conformal structure of the solution (13) is most obvious in the original radial variable z. A light ray sent in from the boundary can get to the time-like naked singularity and back in finite coordinate time ∆t ∼ L/B 1/4 ∼ 1/Λ QCD .
The geometry deviates substantially from anti-de Sitter space for σ ≤ σ * , where
e −8σ * = 2. The location σ = σ * in the bulk is where long Wilson loops prefer to run, and the "refractive index" n * = n(σ * ) defined in section 4 is what determines the QCD string tension (that is, the coefficient on the area law for the Wilson loops). It is straightforward to check that the glueball wavefunctions quickly become flat to the right of this radius.
It is interesting to note that the supergravity approximation continues to be valid far to the right of σ * in figure 3 . Supergravity is valid if the string coupling e φ is small and the string frame curvature is much less than the string scale. The first condition can be arranged to hold to as close to the singularity at z = z 0 as desired, simply by choosing g s = e φ∞ sufficiently small. The second condition means that curvature invariants such as R, R M N P Q R M N P Q , etc., computed in string frame, are much smaller than the appropriate power of 1/α ′ . This will be true if 
The line labeled "string scale curvatures" figure 3 indicates the radius at which the ≪ in (32) becomes approximate equality. The important point is not the peculiar exponent in (32), but rather the fact that for N and g small, all the physics of glueballs and Wilson loops takes place in a region of the bulk spacetime where the supergravity approximation is good.
Note Added
When this work was near completion, we received [19] , in which the solution described in section 3 was independently obtained and some properties of Wilson loops and the running of the gauge coupling were discussed in the nearly anti-de Sitter region.
